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1. INTRODUCTION

Let F, be a finite field with ¢ elements. Let A be the polynomial ring F,[T] and F
be its fraction field F (7). We fix a separable closure F*”? of F' once and for all. Given
any field K, let G denote the absolute Galois group Gal(K*?/K) of K. We now give
a quick overview of Drinfeld modules and associated Galois representations.

1.1. Drinfeld modules. Let K be an extension of F, and v : A — K an [F -algebra
homomorphism. Hence, K is an A-field. Let chary(K) := ker(y) C A, we call it
the A-characteristic of K. We denote by K{7} the ring of skew polynomials, the non-
commutative ring with underlying abelian group K|[r| and twisted multiplication given
by Ta = alt for all a € K.

Definition 1.1. A Drinfeld A-module ¢ of rank r > 1 over K is an F4-algebra homo-
morphism
¢:A— K{r},
arr ¢q =7(a) + g1(a)7 + -+ gnla)r",
such that for a # 0 we have n = degy(a)r and gn(a) # 0.

We note that a Drinfeld A-module ¢ is completely determined by ¢p and we call g, (T")
the discriminant of the Drinfeld module. We obtain an A-module structure on K% given
by a-m = ¢g(m) for a € A and m € K*P. Let a C A be a non-zero ideal, we define the
a-torsion of ¢,

¢la] :={z € K*P : ¢,(x) =0 for all a € a}.
It is well-known that if a and chars(K) are co-prime then ¢[a] is a free A/a module of
rank 7. Further the Galois group G acts on the set ¢[a] and this action respects the
module structure. Therefore, we obtain the representations

Poa - G — Aut(¢[a]) ~ GL,.(A/a),

for each a C A co-prime to char 4(K). In particular, for any non-zero prime [ # char 4 (K)
we have the Galois representations,

pon + G — Aut(o[l"]) ~ GL,(A/1"),

for each n > 1. Note that we have the multiplication map B[I" N ¢[I"] for n > 1. Let
Ti(¢) = @12 ¢[l'] be the l-adic Tate module. We take the inverse limit to construct the
following Galois representation,

Por: G — Auta (Ti(¢)) =~ GL(Ay).
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Here A; denotes the [-adic completion of A. If K is a finite field then the Galois group
G is generated by the Frobenius element Frobg : K*P — K% given by z — z#kK.
Let Py be the characteristic polynomial of 5, (Frobx) € GL,(A;), which means that
Py = det(z — py((Frobg)). The polynomial P has coefficients in A and is independent
of the prime [. The theory of Drinfeld A-modules is very similar to elliptic curves over
Q and analogs of various problems for the Elliptic curves have been studied for Drinfeld
modules. One such problem is the Lang-Trotter conjecture. We describe the analogous
problem in more detail.

1.2. Lang-Trotter Conjecture. Let E be a non-CM elliptic curve over Q and p € N a
non-zero prime of good reduction and £, the elliptic curve over F,, obtained by reducing
E modulo p. Let £ be a prime different from p then we have the associated Galois
representation,
ﬁEp:Z : GIFp — GLQ(ZZ).

Let Pg, denote the characteristic polynomial of the image of Frobenius automorphism
under this representation, the polynomial Pgj, has coefficients in Z and is independent
of prime ¢. We denote by a,(E) the trace of the polynomial Pg,. Given any ¢ € N, the
Lang-Trotter conjecture predicts the asymptotics of the following quantity,

m(z) = #{p < = : p prime of good reduction and a,(E) = t}
Conjecture 1.2 (Lang-Trotter, [LT76]). Let E be a non-CM elliptic curve over Q and
t € N then we have that
N

Et )
log

me(x) ~

the constant Cg; depends only on E and t.
We note that ¢ : A < F, hence F is an A-field with characteristic zero. Let ¢ be

a Drinfeld A-module of rank r over F' without complex multiplication. For any prime

p C A of good reduction, we consider the Drinfeld A-module ¢, over F, := A/p and for
any prime [ # p we have the associated representation,

ﬁ¢p7[ . G[Fp — GLT(A[)

Let Py, be the characteristic polynomial of the image of Frobenius automorphism under
the above Galois representation and let ap(¢) € A denote the trace of the polynomial
Py ,. For a fixed t € A and k£ > 0 we consider the following set

Py 1 = {deg(p) = k : p prime of good reduction and ay(¢) = t},
and let m; (k) := #Py¢ . The following upper bound for 7;(k) is due to C. David ([Dav01]).

Theorem 1.3 (Theorem 1.1, [Dav0l]|). Let ¢ be a Drinfeld module over F of any rank
r > 2 without complex multiplication. Then, for any t € A and any integer k,

kO(r)

k

and the constant depends only on ¢.

me(k) < 12

where O(r) :=1— 2(7“271+2r)’

We remark that similar results on the distribution of m;(k) are obtained by A.C.
Cojocaru, C. David and, D. Zywina in [Dav96]|, [CDO08], [Zyw16]. We end this section by
stating the following analogue of Lang-Trotter conjecture for Drinfeld modules.
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Conjecture 1.4. There exists a positive integer My such that

qk/Q
mi (k) ~ Caﬁ,t(k)T

as k — oo, where Cy (k) are constants whose value depend only on k modulo My.

1.3. Notation and Organization. Given a finite Galois extension E/F we denote by
g(F) the genus and we let Lp denote the subfield of L consisting of elements in L
algebraic over Fy, we also write Ng for the degree [LgF : F|. The write-up consists of
three sections including the Introduction, we discuss some preliminary results in Section
2 and proceed to complete the proof of Theorem 1.3 in the next section.

2. PRELIMINARIES

In this section, we state the results we will use to prove Theorem 1.3 in Section 3
and we provide proofs for some of these results. We obtain theorem 1.3 by relating
the distribution of trace of Frobenius to the distribution of Artin symbols and use the
Chebotarev density theorem to obtain the desired bound. Let ¢ be a Drinfeld A-module
over F' of rank r > 2 without complex multiplication. We fix a prime [ of A. Let
E, = F(¢[I"]) and Gy, := Gal(E,/F). We write |I| for gi¢&()

2.1. Open Image Theorem. The following open image theorem was proved by R. Pink
and E. Riitsche in [PROY].

Theorem 2.1. Let ¢ be a Drinfeld module of rank r over a finite extension K of F.
Assume that Endg (1) = A. Then there exists a constant N (v, K) such that
[GLr(A/a) : ppa(Gr)] < N(¢, K),
foralla C A.
Now, given ¢ as above we note that |Gy| < |M,(A/")]. Hence, |Gn| < (7. Next,

it immediately follows from the above theorem that |[|”*" < |G,| for some constant
depending only on ¢ and .

2.2. Chebotarev Density Theorem. Suppose E/F is finite Galois with Galois group
G. If p is unramified in E/F, we define o, to be the Artin symbol at p. Let C be a
conjugacy class in G and k a positive integer, we define,

Sp(E/F,C) := {0y, = C : deg(p) = k, p is unramified in E/F'}.
We have the following bound on the size of the set Si(E/F,C).
Theorem 2.2. (Chebotarev Density Theorem) We have that,
Ng|C| ¢* Ng|C| ¢*/?

k)2
G k+|C\q + G 5! ),

[Sk(E/F,C)] <

with an absolute constant.

We will apply the above theorem to a family of extensions, E,, n > 1. We prove that
{NEg, }n>1 is bounded and as a consequence, we will obtain a bound on |Si(E,/F,C)]
which will only depend on the genus of E,,/F for n > 1. Let us consider the field Fj,,s
generated by all torsion points of ¢. We prove the following.
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Proposition 2.3. For ¢ as above, Np,, . is finite.

Proof. Using analytic theory, let A4 be the lattice associated with ¢. Now, considering the
Newton polygon of the associated exponential e and using the Weierstrass preparation
theorem we conclude that all elements of lattice Ay are algebraic over Fo, = Fy((1/7)).
Let Fj, be the field generate by lattice elements, then FA¢/Foo is finite. We also note
that F, contains all the elements of the form es(al) for a € F'; A € Ay. Hence, again
using analytic theory we conclude that,

Ftors C FA¢‘

Now as Fu/F is geometric therefore, LFA¢s is a finite extension because Fj, /Fx is
finite. ]

As an immediate corollary of the last two results we deduce the following,

Corollary 2.4. For any n > 1 and U a union of conjugacy classes in Gy, the following
holds,
U] ¢*/?

+ |U|qk/2 + @TQ(ET”)

U] ¢*
G| k

The associated constant depends only on ¢.

[Sk(En/F,U)| <

We will also need the following bound on g(E,,) in the next section. We state the upper
bound without proof. The proof follows at once from the Riemann-Hurwitz formula once
we obtain a bound on the degree of the different ®(E,,/F) for n > 1.

Lemma 2.5. We have that,
g(E,) < r[E, : F]|(*™
with the constant only depending on ¢.

3. PROOF OF THE MAIN THEOREM
We begin by noting that for any n > 1,
mi(k) = #{deg(p) = k : ap(0) = 1}
< {deg(p) =k :ap(¢) =t mod I["}.

Now, suppose p is a prime of a good reduction, then using the analogue of the Néron—-Ogg
—Shafarevich criterion we conclude that for any prime [ # p, the Tate module Ti(¢) is
unramified. Hence, in other words, the Galois representation,

Pl - GF — GLT(A[).

is unramified at the prime p. Now, considering the decomposition group Gy, we have
following maps,

I, < Gy —— Gr 2% GL.(A)

|

Gr

p
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Next, consider an element in the decomposition group that induces the Frobenius element
of G, and suppose that ay(¢) =t mod I" then the trace of that corresponding element
is alsot mod I". Hence, o, has trace t in M, (A/["). Now, the number of trace ¢ elements
in M,(A/I") is a union of conjugacy classes. Let this union be C;, note |Cy| < [1|"*=Dn,
then we conclude that,
(k) < Sk(En/F,CY).
Using corollary 2.4 and the bound on the genus, we obtain that,
1 ¢ ) oo 1y gt
k 9 [(r n k/2 [(r +2r—1)n
) < e+ 00 -

Choosing n suitably such that,

qk/2(r2+2r) < |[|n < ql€/2(r2-i-27“)7
with constants depending only on || we obtain Theorem 1.3.
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