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1. Introduction

Let Fq be a finite field with q elements. Let A be the polynomial ring Fq[T ] and F
be its fraction field Fq(T ). We fix a separable closure F sep of F once and for all. Given
any field K, let GK denote the absolute Galois group Gal(Ksep/K) of K. We now give
a quick overview of Drinfeld modules and associated Galois representations.

1.1. Drinfeld modules. Let K be an extension of Fq and γ : A → K an Fq-algebra
homomorphism. Hence, K is an A-field. Let charA(K) := ker(γ) ⊂ A, we call it
the A-characteristic of K. We denote by K{τ} the ring of skew polynomials, the non-
commutative ring with underlying abelian group K[τ ] and twisted multiplication given
by τa = aqτ for all a ∈ K.

Definition 1.1. A Drinfeld A-module ϕ of rank r ≥ 1 over K is an Fq-algebra homo-
morphism

ϕ : A→ K{τ},
a 7→ ϕa = γ(a) + g1(a)τ + · · ·+ gn(a)τ

n,

such that for a ̸= 0 we have n = degT (a)r and gn(a) ̸= 0.

We note that a Drinfeld A-module ϕ is completely determined by ϕT and we call gr(T )
the discriminant of the Drinfeld module. We obtain an A-module structure on Ksep given
by a ·m = ϕa(m) for a ∈ A and m ∈ Ksep. Let a ⊂ A be a non-zero ideal, we define the
a-torsion of ϕ,

ϕ[a] := {x ∈ Ksep : ϕa(x) = 0 for all a ∈ a}.
It is well-known that if a and charA(K) are co-prime then ϕ[a] is a free A/a module of
rank r. Further the Galois group GK acts on the set ϕ[a] and this action respects the
module structure. Therefore, we obtain the representations

ρϕ,a : GK → Aut(ϕ[a]) ≃ GLr(A/a),

for each a ⊂ A co-prime to charA(K). In particular, for any non-zero prime l ̸= charA(K)
we have the Galois representations,

ρϕ,ln : GK → Aut(ϕ[ln]) ≃ GLr(A/l
n),

for each n ≥ 1. Note that we have the multiplication map ϕ[ln+1]
ϕl−→ ϕ[ln] for n ≥ 1. Let

Tl(ϕ) := lim←−i ϕ[l
i] be the l-adic Tate module. We take the inverse limit to construct the

following Galois representation,

ρϕ,l : GK → AutAl
(Tl(ϕ)) ≃ GLr(Al).
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Here Al denotes the l-adic completion of A. If K is a finite field then the Galois group
GK is generated by the Frobenius element FrobK : Ksep → Ksep given by x 7→ x#K .
Let Pϕ be the characteristic polynomial of ρϕ,l(FrobK) ∈ GLr(Al), which means that
Pϕ = det(x− ρϕ,l(FrobK)). The polynomial Pϕ has coefficients in A and is independent
of the prime l. The theory of Drinfeld A-modules is very similar to elliptic curves over
Q and analogs of various problems for the Elliptic curves have been studied for Drinfeld
modules. One such problem is the Lang-Trotter conjecture. We describe the analogous
problem in more detail.

1.2. Lang-Trotter Conjecture. Let E be a non-CM elliptic curve over Q and p ∈ N a
non-zero prime of good reduction and Ep the elliptic curve over Fp obtained by reducing
E modulo p. Let ℓ be a prime different from p then we have the associated Galois
representation,

ρEp,ℓ
: GFp → GL2(Zℓ).

Let PE,p denote the characteristic polynomial of the image of Frobenius automorphism
under this representation, the polynomial PE,p has coefficients in Z and is independent
of prime ℓ. We denote by ap(E) the trace of the polynomial PE,p. Given any t ∈ N, the
Lang-Trotter conjecture predicts the asymptotics of the following quantity,

πt(x) := #{p ≤ x : p prime of good reduction and ap(E) = t}

Conjecture 1.2 (Lang-Trotter, [LT76]). Let E be a non-CM elliptic curve over Q and
t ∈ N then we have that

πt(x) ∼ CE,t
√
x

log x
,

the constant CE,t depends only on E and t.

We note that i : A ↪→ F , hence F is an A-field with characteristic zero. Let ϕ be
a Drinfeld A-module of rank r over F without complex multiplication. For any prime
p ⊂ A of good reduction, we consider the Drinfeld A-module ϕp over Fp := A/p and for
any prime l ̸= p we have the associated representation,

ρϕp,l : GFp → GLr(Al).

Let Pϕ,p be the characteristic polynomial of the image of Frobenius automorphism under
the above Galois representation and let ap(ϕ) ∈ A denote the trace of the polynomial
Pϕ,p. For a fixed t ∈ A and k > 0 we consider the following set

Pt,k := {deg(p) = k : p prime of good reduction and ap(ϕ) = t},
and let πt(k) := #Pt,k. The following upper bound for πt(k) is due to C. David ([Dav01]).

Theorem 1.3 (Theorem 1.1, [Dav01]). Let ϕ be a Drinfeld module over F of any rank
r ≥ 2 without complex multiplication. Then, for any t ∈ A and any integer k,

πt(k)≪ r
qkθ(r)

k

where θ(r) := 1− 1
2(r2+2r)

, and the constant depends only on ϕ.

We remark that similar results on the distribution of πt(k) are obtained by A.C.
Cojocaru, C. David and, D. Zywina in [Dav96], [CD08], [Zyw16]. We end this section by
stating the following analogue of Lang-Trotter conjecture for Drinfeld modules.
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Conjecture 1.4. There exists a positive integer Mϕ such that

πt(k) ∼ Cϕ,t(k)
qk/2

k

as k →∞, where Cϕ,t(k) are constants whose value depend only on k modulo Mϕ.

1.3. Notation and Organization. Given a finite Galois extension E/F we denote by
g(E) the genus and we let LE denote the subfield of L consisting of elements in L
algebraic over Fq, we also write NE for the degree [LEF : F ]. The write-up consists of
three sections including the Introduction, we discuss some preliminary results in Section
2 and proceed to complete the proof of Theorem 1.3 in the next section.

2. Preliminaries

In this section, we state the results we will use to prove Theorem 1.3 in Section 3
and we provide proofs for some of these results. We obtain theorem 1.3 by relating
the distribution of trace of Frobenius to the distribution of Artin symbols and use the
Chebotarev density theorem to obtain the desired bound. Let ϕ be a Drinfeld A-module
over F of rank r ≥ 2 without complex multiplication. We fix a prime l of A. Let
En := F (ϕ[ln]) and Gn := Gal(En/F ). We write |l| for qdeg(l).

2.1. Open Image Theorem. The following open image theorem was proved by R. Pink
and E. Rütsche in [PR09].

Theorem 2.1. Let ψ be a Drinfeld module of rank r over a finite extension K of F .
Assume that EndK(ψ) = A. Then there exists a constant N(ψ,K) such that

[GLr(A/a) : ρψ,a(GK)] ≤ N(ψ,K),

for all a ⊂ A.

Now, given ϕ as above we note that |Gn| ≤ |Mr(A/l
n)|. Hence, |Gn| ≤ |l|r

2n. Next,
it immediately follows from the above theorem that |l|r2n ≪ |Gn| for some constant
depending only on ϕ and l.

2.2. Chebotarev Density Theorem. Suppose E/F is finite Galois with Galois group
G. If p is unramified in E/F , we define σp to be the Artin symbol at p. Let C be a
conjugacy class in G and k a positive integer, we define,

Sk(E/F,C) := {σp = C : deg(p) = k, p is unramified in E/F}.
We have the following bound on the size of the set Sk(E/F,C).

Theorem 2.2. (Chebotarev Density Theorem) We have that,

|Sk(E/F,C)| ≪
NE |C|
|G|

qk

k
+ |C|qk/2 + NE |C|

|G|
qk/2

k
g(E),

with an absolute constant.

We will apply the above theorem to a family of extensions, En, n ≥ 1. We prove that
{NEn}n≥1 is bounded and as a consequence, we will obtain a bound on |Sk(En/F,C)|
which will only depend on the genus of En/F for n ≥ 1. Let us consider the field Ftors
generated by all torsion points of ϕ. We prove the following.
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Proposition 2.3. For ϕ as above, NFtors is finite.

Proof. Using analytic theory, let Λϕ be the lattice associated with ϕ. Now, considering the
Newton polygon of the associated exponential eϕ and using the Weierstrass preparation
theorem we conclude that all elements of lattice Λϕ are algebraic over F∞ = Fq((1/T )).
Let FΛϕ

be the field generate by lattice elements, then FΛϕ
/F∞ is finite. We also note

that FΛϕ
contains all the elements of the form eϕ(aλ) for a ∈ F , λ ∈ Λϕ. Hence, again

using analytic theory we conclude that,

Ftors ⊂ FΛϕ
.

Now as F∞/F is geometric therefore, LFΛϕ
is a finite extension because FΛϕ

/F∞ is
finite. □

As an immediate corollary of the last two results we deduce the following,

Corollary 2.4. For any n ≥ 1 and U a union of conjugacy classes in Gn the following
holds,

|Sk(En/F,U)| ≪ |U |
|Gn|

qk

k
+ |U |qk/2 + |U |

|Gn|
qk/2

k
g(En).

The associated constant depends only on ϕ.

We will also need the following bound on g(En) in the next section. We state the upper
bound without proof. The proof follows at once from the Riemann-Hurwitz formula once
we obtain a bound on the degree of the different D(En/F ) for n ≥ 1.

Lemma 2.5. We have that,

g(En)≪ r[En : F ]|l|2nr

with the constant only depending on ϕ.

3. Proof of the Main Theorem

We begin by noting that for any n ≥ 1,

πt(k) := #{deg(p) = k : ap(ϕ) = t}
≤ {deg(p) = k : ap(ϕ) = t mod ln}.

Now, suppose p is a prime of a good reduction, then using the analogue of the Néron–Ogg
–Shafarevich criterion we conclude that for any prime l ̸= p, the Tate module Tl(ϕ) is
unramified. Hence, in other words, the Galois representation,

ρϕ,l : GF → GLr(Al).

is unramified at the prime p. Now, considering the decomposition group Gp, we have
following maps,

Ip Gp GF GLr(Al)

GFp

ρϕ,l
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Next, consider an element in the decomposition group that induces the Frobenius element
of GFp and suppose that ap(ϕ) = t mod ln then the trace of that corresponding element
is also t mod ln. Hence, σp has trace t in Mr(A/l

n). Now, the number of trace t elements
in Mr(A/l

n) is a union of conjugacy classes. Let this union be Ct, note |Ct| ≤ |l|(r
2−1)n,

then we conclude that,
πt(k) ≤ Sk(En/F,Ct).

Using corollary 2.4 and the bound on the genus, we obtain that,

πt(k)≪
1

|l|n
qk

k
+ |l|(r2−1)nqk/2 + r|l|(r2+2r−1)n q

k/2

k
.

Choosing n suitably such that,

qk/2(r
2+2r) ≪ |l|n ≪ qk/2(r

2+2r),

with constants depending only on |l| we obtain Theorem 1.3.
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